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on of Second-Order Nonlinear pifferential Equations“

A. M. Kats (Leningrad Polytechnic Instit
ladnaya Matmatika

" Approximate goluti
ute)

[Fote: The following report appeared in the bimonthly Prik

i Mekhanike, Volume XIV, No 1 (Jan/Feb 1950), P 111-3.7

Nonlinear differential equations of the form:

% 4 n(x,x)x + K2 (g, %)% = 0

problems of mechanics and radi

(1)

o engineering cannot be

encountered in mamny
t be solved by approxi.mate methods of

integrated in known functions and mus

averaging.
In the most wide—spread"rvariant of this method, proposed by van der Pol l,

t y .o
ve se Notie < ‘' Fﬁipafcasw\"i'«;. ‘ome a')W(’\e circular ‘

X = a.sin(wt +e) .—S'.rerr)uey-mtj) fafer 3 -ﬁ-m)(\frfcm 0‘)’ 1 C«JC"C'DJ (2) !
where t 1s the time appearing as the independent variable in equation (1),
a and e are slowly varying functions

w is a certain counstant to be determined,

e connected by the relation:

of t which ar
& sin(wt 4 e) 4 ae cos(wt ye) -0 (3) |
For _é,_ and ?_ one obtains the following“abbreviated" equations averaged over ‘
i
| the period 27/w = T i
“ 277 ?
a = -(a/2m) Lh(a sin w, aw cos u) cos?u du ‘
T |
gin2 u du - /2 () ‘

& = (1/amw) S k(s sin u, aw cos u)
0

ature.
|

Hence e and a &are found by quadr
where the coefficients 152

Let us dwell for & moment on the partial case

and ¥ depend only upon ¥. Then the first equation (4) assuming the form

27
- (a/om j’ n(a sin ) cos® u du (5)
o]

a -
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gives the dependence of the instantaneous amplitude & upon time, snd the
gecond equation in (W) represented in the form
LT 2
w4e = w/2 * (1/emw) &O ¥~ (a sin u) sinPu du (6)
getermines the 1nstantanecus frequency ¥ L&,
1f one can 8O gelect the constant ¥ that in the course of the entire process

considered é_ remains of smell megnitude in comparison with W, fhen we repre-

gent equation (6) in the form
5 2 5 >
wo 4 2we :(1/rr)30 ¥ (a sin u) sin“u du )
and add o the left gide of it @ small quantity :e_z of the second ordeTr thus
obtaining the formula for the square of the instantaneous frequency
N2 m o2 2
(w +€)° = (l/’ﬂ’)& ¥ (a sin u) sinu 4w (8)
o}
the right gide of which does not depend the gelection of the constent ¥W.
1f the frequency of the process under consideration varies considera'bly in
the course of time, then & pecomes & qua.ntity of the same order of magnitude
ag w and the gubstitution of formula (6) vy formula (8) loses ;4s foundatbion:
Use of the formula (6) on the ove hand leads ©o & physically absurd con-
clusion — namely, the instantaneous frequency W + & becomes depend upon the
gelection of the constant ¥ and always remains greater than w/ 2.
, *
guch regults are clarified py the fact that if € pecomes emall, then e cannot

be considered a slowly varying functbion of time: consequently one of the

main premises of the method under consideration collapses and the method be-

comes useless.

What has been said remains true even for the refined variant of the method of

averaging given by Bulgakovz.

//,/-,,.— s
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For processes gescrived by equabions of the type (l),but giffering vy
the fact that their frequency in slowly varying geviates over & sufficiently
long period of time considerably from the jnitial frequency, it is convenient
to teke the following new veriation of the method of averaglug. We set
g
x = a- siv ( det ie) (9)
0

where 8,W,€ are slowly varying functions of time; here W will also e con-
gidered 2 slowly varying function of time. Affixing to these functions the
condition:

3 t . t

a'sin (5 i Ae) F8aereos (3 it +e) = 0 (10)

o) o -

and gubstituting the expression (9) into equation (1) we cbtein

a{_ke @-sin (%), aw-cos C e -wé}-sin () +

{a& g w4 avh [ sin T(t), aw cos T(‘t)]}'cos o) = O ()

where () = Swdt Je
; (o]
petermining 2 and e from equations (10) end (11) and gveraging the
formulas obtained over the period of the trigonometric funclbions entering
these functions, we are 1ed to the eugabions
YN

a = ~(aw/2¥) - (a/ETr)XO n(a sin v, 8V cos u) cos? udu
. paiy 2 2
e = (l/Qﬂ’W)SO k2 (a-sin aw* cos w) sin“u du - w/2 (12)
We require now that ¥ should be averaged over the period of circular

frequency of the process and conseq_uently that in the average over the \

period we should have

¢ - 0. (13)
Then from the sicond equatbion (12) we obtain
T
2
w2 ;_&k (a sin W aw*cos u)- sinzudu (am)
T
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The first equation (12) after the substitution

v = baw/aa (15)
takes the final form
2 ;
&(1 - adw/2wda) = -(a/21r)S0 h(a-sin if,aw-cos u): cos2udu (16) i
‘ i

After this w is determined from equation (1l) in dependence upon & and is

substituted in eq_uation (16); the latter becomes a differential equation with

the variables & and t separated out and integrated by quadrature. Here one
constant of integration enters the solution, and the other constant of inter-
gration is €.
As an example let us consider the differential equations of & system of :
regulation with a nonlinear servomotor
p=F o=—(P+E); Tf =Vle] (17)
Eliminating the variables iﬂ and E we obtain the differential eguation for g

&+ Nlal &+ T - Vo | 07 === (28) |

ule (1k £ th case
Formul (l)gl‘fes o QT‘(L@)P(-J W Oq“"{’
w? Wi iFude = ) LT

Equation (16) assumes the form: & (I—-\"a) = - ':30(

(19)
/TF T BW} ﬁmzu cos Lidu =

_ar@)rG). L et2R ot | _HP@Erm e oza%am
wTay T T e T S T
Substitution of the expression for & into formula (l9)gives
e (22) ‘
\cht +cy - :
Finally we obtain according to formuls (9): <
(23)

g == _.LIL...,LI~ . osin [3m + 5;] .

(++C)

ék-/Voi’a'?; O is a constant a/L/hZ"sgrﬁzﬁ o,
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The variable sigma executes damﬁed oscillations whose frequency decreases

as £he oscillations die away and tends toward zero.

Submitted to the editor

18 October 1949 Literature

L. N. M. Krylov and N. N. Bogolyubov. Vvedeniye v Nelineynuyu Mekhaniku
(Introduction to Nonlinear Mechenics), GNTIU, 1937T.

5. B, V. Bulgakov. Kolebaniya (0Oscillations), GTTI. 1949, Vol T
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